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DETERMINATION OF THE DISTANCE AND VELOCITY OF AN ACOUSTIC 
SOURCE FROM BEARING AND FREQUENCY MEASUREMENTS 

INTRODUCTION 

A technique that uses bearing and frequency measurements to determine the distance 
between an observer and a sinusoidal acoustic source moving at constant velocity relative to 
the observer is developed in this report. 

THEORETICAL ANALYSIS 


Consider a sinusoidal acoustic source with period Te and fixed relative velocity vr 
(having a nonzero transverse component) with respect to an observer with known velocity 
V. Let r be the position vector of the source from the observer. We wish to determine the 
position vector r and the relative velocity ^ of the source relative to the observer from 
bearing 6 and frequency measurements. The absolute velocity Vg of the source is also 
determined. 


Since we are interested in obtaining kinematic quantities subjea to the constraint that the 
acceleration is zero, let us examine this aspect of the problem. For convenience, we use 
plane polar cotHdinates. For the position vector, we have 


where 

and 


f{e)=rf(e) . 

(1) 

f(0) = icos0 + j sin 6 

(2) 

0 (e) = - i sin 0 + j cos 0 

(3) 


Differentiating the unit vectors with respect to 6, we have 


and 


The time derivative of r is 



de 


00 

-=: - r 

06 


(4a) 


(4b) 
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( 5 ) 


dl=s!llel = f7 + fee 

dt dt 

Differendadng again, we have 

r =(r'- r 0^)f+(r e + 2 f 0)0 ( 5 ) 

Since by construction the relative velocity between the source and the observer is fixed, 
the acceleration must be identically zero. Consequently, all linearly independent 
components of the acceleration must be zero. Thus, we obtain the following expressions: 

f = r0^ (7) 

and 

r = - 2 r 0 / 0 . (8) 

The quantities 0 and 0 are obtained from measurements of 0. The quantities f and r are not 
measurable but are related to changes in the observed acoustic frequency of the source. 

Therefore, we seek the relationship involving f, r, and the measured frequency and its time 
derivatives. 

At time to, let the sinusoidal source emit a "pulse” and let r = ri so that the magnitude of 
r is ri. After one period T^, the source again emits a pulse at time to+T^. Let r = r 2 so that 
the magnitude of r is r 2 . Suppose that the first pulse is heard by the observer at time ti and 
the second pulse at time t 2 . Denoting the speed of sound as c, we have 



(9) 

and 


t2=to+Te + S . 

(10) 

The period T, of the acoustic signal as seen by the observer is 


Tr = t2>ti . 

(11) 

Substitution of the expressions fw t] and t 2 in equations (9) and (10) into equation (11) 

yields 


Tr = Te + J2^ . 

(12) 
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The ratio of T, to is 


Jl 

Te cTe • 

In equation (13), we identify an expression for the radial velocity f as follows: 


(13) 


Thus, we obtain 


Te 


Te C 


Letting fe = 1/Te and f, = l/T, , we have 

fe = fr(l+§) . 

Differentiating equation (16) with respect to time, we obtain 

dt at cat cat 

Since fg is constant by hypothesis, some rearrangement yields 


(14) 


(15) 


(16) 


(17) 





(18) 



at c at c at 

and 






afr _ r afr fy j,- 

(19) 



at cat c 

Substituting in the expressions obtained above for f (eq. 8) and f (eq.' 

7), we have 




(20) 


dt 

1 26/®® 


We solve this to obtain an expression for r as follows: 
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(21) 



( 22 ) 

(23) 


Note that, in this equation for r, all the independent parameters are known or may be 
determined from measurements. The sound speed c is generally known a priori. The 

quantities 6 and ff are measurable, and 6,8, and df^t can be determined from these 
measurements. 


Since 0 may be measured directly and r may be calculated from measured quantities, 
we have the position vector r of the source with respect to the observer. If we determine 
the position vector at two instants ta^nd t> we may calculate the relative velocity of the 
source as follows: 

^ ( 24 ) 

dt t2-ti 

Recall that the relative velocity ^ of the source frwn the perspective of the observer is 

^ = r,-v . (25) 

TherefOTC, if the relative velocity vr and the absolute velocity v of the observer are known, 
then the absolute velocity of the source may be obtained: 

^ = ^ + v . (26) 


4 






CONCLUSIONS 


We have shown how to calculate the distance, the relative velocity, and the absolute 
velocity of an acoustic source having a fixed velocity relative to an observer from 
measurements of its bearing and frequency. 
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